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Networked control systems
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The problem

> time-discrete control system
Xk+1 = F(xk,ux), k=0,1,...,
» + cost function
gx,u)>0, gx,u)=0<x=0
» Goal: optimal feedback vy = u(xx), s.t. for
Xk+1 = F(xk, u(xk))

we get x, — 0 for all xg.
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The value function

» accumulated cost

XO, E g Xk,Uk

» value function

V(x) = ('Dkf) {40 (ui)) [ — 0}
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The optimality principle

... and the Bellman operator

» optimality principle
V(x) = inf {g(x,u) + V(F(x, )}
» Bellman-Operator
LIvI(x) = inf {g(x,u) + v(f(x, u))}

» V is the unique fixed point of L with V/(0) = 0.
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Discretization

The discretized Bellman operator

v

Partition P of phase space
p(x) =P € P with x € P
> projection onto piecewise constant functions

A0 = inf  v(¥)

v

v

discretized Bellman operator

Lp:=pol
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Discretization
The discrete optimality principle

Lp[vi(x) = ¢(L[v](x))
= inf {inf {g(x',u) + V(f(leu))}}

x'ep(x) |uveU
— H H f / P/
P'mfr(nPI?U)géw {x’,u:fl(g,u)EP’g(X ) )}
= min {w(P,P")+ v(P")}

PINF(P,U)£D

» discrete optimality principle = shortest path problem

V(P) = i P,P)+ V(P
(P) P,mfr(n,;pu#w{vv(, )+ V(P)}

cf. [Tsitsiklis, 95], [Sethian, 96]
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Discretization
The discrete graph

» graph (P, E) with

E = {(AB)ePxP|f(AU)NB#0}

1AU) 4
=d

A e o o

» and weights

w(A, B) = Xewyiuneu{g(x, u) | f(x,u) € B}
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A simple example

Xk+1 = (1 + auk)xk,

xx € X = [0, 1],
ug € U=[-1,1] and
a € (0,1) fixed.

» cost function
g(x,u) = ax.

» optimal control sequence: u = (—1,-1,...).

» value function: V(x) = x.

Oliver Junge



A simple example
Approximate value function: 64 cells
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A simple example

Approximate value function: 4096 cells

VandV,

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Ve
\Y

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

Oliver Junge

11



Convergence

» Vp: approximation to V on partition P
» Vp(x) < V(x) for all x

> Pt sequence of nested partitions with diamP¢ — 0

Thm [J., Osinga, 04]

Vpe(x) = V(x) as { — oo

on the stabilizable set.
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Example

An inverted pendulum

> state: x = (¢, ¢)
» control system: f(x,u) = ®T(x, u)

» cost function
T 2 2
g(x,u) = / @ o?(t) + q22(t) dt + Tasu
0
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Example

The approximate value function
10
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Optimal feedback

» optimality principle
V(x) = inf {g(x,u) + V(F(x,u))}
» optimal feedback

u(x) = ar;genl}in{g(x, u)+ V(f(x,u))}
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Optimal feedback

» optimality principle
V(x) = inf {g(x,u) + V(F(x,u))}
> approximate optimal feedback

up(x) = argmin{g(x,u) + Vo (F(x, )}
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Optimal feedback

... for the inverted pendulum
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Optimal feedback

... for the inverted pendulum

Approximate value function along feedback trajectory
7
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Optimal feedback

Artefacts of the discretization

» problem 1: boxes too large

» Problem 2: feedback is not robust

f<1-
p f(xe, u(xk)) +¢€
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Incorporating perturbations

dynamic game
Xe+1 = F(xk, ug, wi), k=0,1,....

+ cost function

Goal

construct feedback vy = u(xx), s.t.

xx — B-(0) for all sequences (wy).

Oliver Junge
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Game theoretic viewpoint

» controller u, wants to minimize J,
> perturber wy wants to maximize J.

» upper value function

V(x) = i?f) sup J(x, u(x), (wg))
ulx) (wi)

> optimality principle

V(x) = inf {g(x, u) + sup V(f(x, u, W))}

wew

» feedback

u(x) = argmin {g(x, u) + sup V(f(x, u,w))
uel weWw

|
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Discretization

» discrete optimality principle

Vp(P) = Neinff(P) {Q(P,N) + /\S/:/E/VP(N)}

> data structure: directed weighted hypergraph
w(flz,u,W))  F(z,u,W)

N
NN

M
NN
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The discretization is the perturber

v

we want Vp to decrease monotonically

v

~> need to jump within current box

v

idea: view jump as perturbation

> ~~ put
f(x, u,w) = f(w(x), u),

w choice function, chooses arbitrary point from current box

é\'(X, U) = Stlvpg(W(X)y u)'

Oliver Junge

23



The discretization is the perturber

» Thm [Griine, J., 07]:
V(x) < Vp(x)

and
Vp(x) = min{g(x, u) + Va(F(x, )},

i.e. Vp is a Lyapunov function for the closed loop system.
» feedback

up(x) = argmin {g(x, u)+  sup Vp(x')} :
uel x'€F(p(x),u)

» constant on each box!

» ~~ constructed offline

Oliver Junge
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Example: inverted pendulum
Robust feedback trajectory
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Example: inverted pendulum

Value function along feedback trajectory
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Event systems

event function
r: XxU—N

event system
Xe41 = F'(xe, up), r=r(xe, up),

cost function

1
E(xe, up) = C(Xetk» Upyk)
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Effect of communication delays

inverted pendulum: stabilizable set for quantized feedback

without delays
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Extended state space

» Standard state space:

X
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Extended state space

» Extended state space: Z =X x U
» New state: z = (x, w)

X: current state
w: last control

v
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Modelling delays

system
Zy4+1 :g(Zz,Ug,(sg), 620,1,2,...

» random delays: §y € N ~ 7, i.i.d.
s (ft

» t =min{d,r(z)}, r: eventtime
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Modelling delays

system
Zy4+1 :g(Zz,Ug,(sg), 620,1,2,...

» random delays: §y € N ~ 7, i.i.d.
s (ft

» t =min{d,r(z)}, r: eventtime
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Modelling delays

system

zp+1 = g(zp, up, 0¢),

(=0,1,2,...

» random delays: §; € Ny, ~ 7, i.i.d.

» g(z, u,(5) = [
» t =min{d, r(z)},

w

r:

F(F(2), u) ]

event time

r(z)

f*(2)

Ll
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Modelling delays

system
Zy4+1 :g(Zz,Ug,(sg), 620,1,2,...

» random delays: §; € Ny, ~ 7, i.i.d.
s (£t

» t =min{d,r(z)}, r: eventtime
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Modelling delays

system
Zy4+1 :g(Zg,Ug,(SZ), 620,1,2,...

» random delays: §y € N ~ 7, i.i.d.

> g(z,u,0) = [ *(F(2), u) ]

w

» t =min{d,r(z)}, r: eventtime
If 6 < r(z):

> remaining time: s = r (f(z), u)

» new control history: w’ = u

» current control u(z,0) = u(z)
Otherwise:

> event gets lost — keep old control

»s=0,w =w, u(z,§) =w
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Extension of the method to stochastic systems
Stochastic optimality principle:

V(P) = infycu{ (P, u) + sup E {V(F(P, u,w,))} }
optimal feedback for P (constant w.r.t. §) :
K(P) = argmin {(":(P, u) +supE{V(F(P,u,w,?))} }

Numerical solution:
> discretization: extended hypergraph
» stochastic shortest path problem: value iteration

Oliver Junge
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Analysis

closed system with new feedback
zé-}—l:g(z() K(Zé)aéé% 62071727"')
Alevel set: Sy ={ze€ Z: V([z]) <A}, A>0

Theorem (JERG, JUNGE, PosT, 09)

» Every random trajectory with initial value z(0) € Sy remains
in Sy with probability 1 — V/(z(0))/A.

» Almost all trajectories zg = (xp, wy), £ =10,1,2,..., which
remain in Sy satisfy xp — 0.
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Numerical example

Inverted pendulum: stabilizable set

Jdistribution

» 100 random delay sequences
0 € {10,20,...,90} ms

> 25 initial values per box

standard feedback new feedback
< 25% stabilizable > 95% stabilizable
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Conclusion/Outlook

piecewise constant value function
efficient shortest path algorithm
robustified by game theoretic approach
unified treatment of hybrid systems

adaptive partitioning possible

Current/future directions (SPP 1305)

>

>

>

incorporating past information
minimizing the number of partition cells
minimizing the transmitted information
incorporating delays

extension to networked systems
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