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Single-Objective Optimal Control Problem

min  p1(x(ly),ty)
st. @(t) = f(z(t),u(t),t), a.e.tecl0ty],
(OCP ) ?(56(0), x(ty),ty) =0,
¢(x(0), z(tyr), tr) <0,
Clz(t),u(t),t) <0, a.e.t € 0,ty],
S(z(t),t) <0, all t € [0,t/],

statevariablex € IR", controlvariableu € IR™,
terminal time ¢, Is fixed or free.



Multi -Objective Optimal Control Problem

st. #(t)=f
oCP ) O(x(0), a(t7),tr) = 0,
o(x(0),z(tf),t) <0,
C(x(t),u(t),t) <0, a.e.t e |0,ty],
S(x(t),t) <0, all t € [0,%],

statevariablex € IR", controlvariableu € IR™,
terminal time ¢, fixed or free.



Multi -Objective Optimal Control Problem

(OCR,)

statevariablex € II

R", controlvariableu &

terminal time ¢, fixed or free.
Assumption:p;(x(ts),t;) >0 foralli =1,...,r

a.e.t c [O,tf] :
all ¢t € [O,tf] ;

m
IR,



Multi-Objective Optimal Control Problem
Thefeasible setX consists of triplets
(z,u,tf) € WHe(0,t4;IR") x L®(0,t4R") x Ry

satisfying the dynamic and terminal constraints as welhas t
control and state constraints.



Multi-Objective Optimal Control Problem

The feasible tripletz*, v*, t}) is said to be @&areto minimum
if there doeshot exista feasible triple{z, u, t;) € X such that

VAN
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Multi-Objective Optimal Control Problem

The feasible tripletz*, v*, t}) is said to be @&areto minimum
if there doeshot exista feasible triple{z, u, t;) € X such that

VAN

Spi(m(tf)v tf))
pr(z(ty),tr))

pi(z*(t4),t4) forall i=1,...,r.
pr(x*(t),t3) forone ke {1,...,r}.

A

On the other hand(z*,u*,t}) Is said to be awveak Pareto
minimum if there doesot exist(x, u, tf) € X such that

wilx(ty),ty) < wi(x"(ty),t}) foralle=1,...,r.
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The set of all objective functional values at the Pareto a
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The Pareto Front

The set of all objective functional values at the Pareto a
weak Pareto minima is said to be tRareto fron{or efficient
se) of Problem (OCP) in the objective value space.
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Scalarization

The “popular’weighted-sum scalarization

(Pus) min Z w; wi(x(ty),tr) .

wherew, ..., w, > 0 areweightswith w; + ... +w, = 1.

The Bolza problentan equivalently be written in this form.

NOT GOOD FOR NONCONVEX PROBLEMS WITH A NON
CONVEX PARETO FRONT!

We shall illustrate this on an example.



Scalarization

Weighted Tschebychev probldnischebychev scalarizatipn

(Pw) min maX{wl Wl(w(tf)atf)a-”awr @T(I(tf),tf)},
(:Jc,u,tf)EX

wherew, ..., w, > 0 areweightswith w; +... +w, = 1.



Scalarization

Weighted Tschebychev problefTschebychev scalarizatipn

(Pw) min maX{wl Wl(x(tf)atf)a---awr @T(I(tf),tf)},
(x,u,tf)EX

wherew, ..., w, > 0 areweightswith w; +... +w, = 1.

Theorem 1 The triplet(z*, u*,t}) Is a weak Pareto minimum
of (OCPy,), if and only if (z*, u*, %) is a solution of(P,,) for
somews, ..., w, > 0.



Scalarization

A smoothre-formulation of (R):

min Q
a>0
(:E,u,tf)GX

(OCPR,) < subjectto w;pi(z(ts), tf) < a,

Wy Spr(x(tf)atf) < .

Numerical method”Discretize then Optimize”.

Use Applied Modeling Language AMPL (Fourer et al.) and
Interior-Point Optimization Solver IPOPT (&¢hter et al.).



Scalarization
Caser =2:w=w; € [0,1],we=1—w.
Let 3* = (57, B5) < 0 be a so-calleditopia point
Consider thesmoothcontrol problem (B):

min Qo
(:B,uo,é%c(;GX
(OCR) § subjectto  w(wi(a(t)),t) - 3) < a,
(1 —w) (pa(z(ty), ty) — B5) < c.

We shall determine atieaningful interval
w € |wy,wyr], 0L wy<wr<1,

such that theolution is the samfor
w € [0,wy] and w € [wy,1].



Boundary weights

02 x wy (o1 — B7) = (1 — wy) (2 — B3)

Pareto front
\wo (1 = B7) = (1 —wo) (p2 — 55)

//(617 SOS) -
P1

(81, B)



Example 1 - Tumour Anti-Angiogenesis
Tumour Anti-Angiogenesis]. Folkman (1972) et al.

Control model Ledzewicz, M., Scéattler (2007,2011).
State and controlariables:

p: primary tumour volume [mrij

q . carrying capacity, or endothelial support [nim

u . antl-angiogenic agent



Example 1 - Tumour Anti-angiogenesis

Two competing objective functionais minimize:

e Final tumour volume
p(ty)

e Final tumour volumeplus a factor of thetotal amount of
anti-angiogenic (toxic) agent administered

p(ts) + 140 / ! u(t) dt .

The duration of therapy Is free.



Example 1 - Tumour Anti-angiogenesis

min  (p(ty), p(ty) + 140y(ty))
st. p=—0084pInZ,  p(0)=8000,

q
G = 5.85¢*3 —0.00873¢*3 —0.02¢g — 0.15qu

(E1)
¢(0) = 10000,

Controlu appearsinearly. bang-bang and singular arcs



Example 1 - Tumour Anti-angiogenesis
Scalarization of Problem (E1For afixed w € [0,1], solve
min «

st p=—0.084pInt,  p(0) = 8000,

§=5.85¢%3 — 06.100873 ¢*? —0.02¢g—0.15qu,

(E1) ¢(0) = 10000,
y=u, y(0)=0,
y(t;) <45, 0<u(t) <15,
wp(ty) < a,

(1 —w) (p(ty) +140y(ty)) < .



Example 1 - Tumour Anti-angiogenesis

Theswitching function

u(t) = —0.15 Ay (1) q(t) + N (1) .



Example 1 - Tumour Anti-angiogenesis

Theswitching function

ou(t) = —0.15X,(t) q(t) + A\,(t) .
Singularfeedbackcontrol(Ledzewicz, Schttler, 2007, 2011)

= 1 (5.85—0.00873 ¢%/3(t)
fsind™) = 502 a/3(1)

+3(0.084)

5.85 + 0.00873 ¢%/3(t)
—0.02| .
5.85 — 0.00873 ¢2/3(t)



Example 1 - Tumour Anti-angiogenesis

The optimal controlturns out to bebang—singular—bangin
particular, to bdull dose—partial dose—no dase

The switching times found accurately by means af
parameterization(Kaya & Noakes 2003, Maurer et al. 2005

weights switching times ¢, to t
0.792 <w <1 1.341 5.063 9.378
w = 0.7 1.341 3.141 8.121
0 <w <0.628 1.341 1.605 7.189

Themeaningful intervals w € [0.628, 0.792] .
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Example 1 - Tumour Anti-angiogenesis
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Example 1 - Tumour Anti-angiogenesis
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Example 2 - Fed-batch Bioreactor

(Logist, Houska, Diehl, van Impe, 2010)

Thestate and contralariables:

x1 . biomass [g]

x9 . Substrate [g]

x3 . product, lysine [g]

x4 . fermenter volume [g]

u . volumetric rate of the feed stream [lt/h]



Example 2 - Fed-batch Bioreactor

Two competing objective functionals maximize
e The ratio of the product formed and the process duratic
l.e., theproductivity:

901(x(tf)7 tf) — CESt(;f) :
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Example 2 - Fed-batch Bioreactor

Two competing objective functionals maximize
e The ratio of the product formed and the process duratic
l.e., theproductivity:

991(33(tf)7 tf) — 553t(;f) '

e The ratio of the product formed and the mass of the substr
added, I.e., theield:

ea(x(ty),tr) = 52 (543((;;)) —5)

The duration of the process s free.



Example 2 - Fed-batch Bioreactor

)
i (-2, __mt) )
tf 2.8 (334(tf) — 5)
S.t. 1= (()125 @) X1, 5131(0) - 0.1,
L4
0.125
;i:Qz—( x2> 21 + 2.8, 25(0) = 14,
(E2) ¢ 0.135 24 ,
r3 = —384 (0.125 @) + 134 (0.125 ﬁ) , x3(0) =0,
Ta L4
Ty = 1U, 334(0):57
0<u(t) <2, b5<xy(t) <20
\ <ty <40, 20§2.8(£B4(tf)—5) < 42

Expectbang-bang, singular and boundary arcs



Example 2 - Fed-batch Bioreactor

Scalarization of Problem (E2For a fixed w € [0,1], solve

[ min «
s.t. dynamical and terminal constraints
control and state constraints
(E2,) | y
o (933( f) +ﬁf> <a.
Ly
x3(ts) *>
—(1 —w + < «a,
-0 (g0 =5 5

wheres* < 0 Is a suitablautopia point

\



Example 2 - Fed-batch Bioreactor

Thestate constrainb < z4(t) < 20 here is oforder one

Theswitching functions
ogu(t) = 2.8 Xa(t) q(t) + A4(t) .

Thesingular arcs are of order ofgut the singular control can
not be obtained in feedback form.



Example 2 - Fed-batch Bioreactor
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Example 2 - Fed-batch Bioreactor
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Example 2 - Fed-batch Bioreactor
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Example 2 - Fed-batch Bioreactor

Weighted-sum scalarizatiorcannot generate “nonconvex
parts” of the Pareto front:
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Future Work

1. Multi-objective control problems with > 3 objectives.
2. Optimization over the Pareto front using sensitivitylgsis.

3. Multi-objective control problems for elliptic and padic
equations.



Conclusion

Use our method for multi-objective decisions !

Thank you for your attentioh



