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Motivation
Variational (geometric) integration
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Motivation

Variational (geometric) integration

explicit Euler variational Euler implicit Euler

Optimal control problem
» direct discretization approach via
variational integration
» goal: preservation of geometric
properties + high accuracy
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Outline

v

Problem formulation: optimal control for mechanical
systems

v

Galerkin variational integrators
» construction, numerical analysis

v

Galerkin variational integrators in optimal control
» commutation of discretization and dualization

Conclusion and future directions

v
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Problem formulation

» configuration q(t), velocity g(t), control u(t)
» Lagrangian L(q(t), g(t))
» force F(q(t),q(t), u(t))

Lagrangian optimal control problem (LOCP)

min /(q,4, ) / C(q u(6)) dt + d(q(T), 4(T))

subject to the Lagrange-d'Alembert principle

5/ dt+/0 Fa(t), 4(t), u(t)) - 5q(t) dt = 0
(q(0),4(0)) = (¢°, 4°)

Sina Ober-Blébaum p.4



Problem formulation

» configuration q(t), velocity g(t), control u(t)
» Lagrangian L(q(t), g(t))
» force F(q(t),q(t), u(t))

Lagrangian optimal control problem (LOCP)

manqq, / C(q t),u(t))dt + ®(q(T),q(T))

subject to the Euler-Lagrange equations

%%(q(”’ q(t)) — %(q(t), q(t)) = F(a(t), g(t), u(t))
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Problem formulation

» configuration g(t), momentum p(t), control u(t)
» Lagrangian L(q(t), g(t))
» force F(q(t), q(t), u(t))

Lagrangian optimal control problem (LOCP)
min a9, = [ C(a(6)p(6)u(0)dt + 0(a(T) p(T)

subject to the Euler-Lagrange equations

g(t) = f(q(t),p(r)), q(0) =q°
p(t) = g(q(t), p

1
with Legendre transform p = *(q, g)and g = (%) (g, p).
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Numerical methods: overview

objective functional +
Euler-Lagrange equations

dualizatior/ \discretization

PMP NLP
discretization duali
discrete
PMP KKT
indirect direct
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Numerical methods: overview

objective functional +
Lagrange-d'Alembert principle

variation /

objective functional +
Euler-Lagrange equations

dualizatior/ \discretization

PMP NLP
discretization dualization
discrete
PMP KKT
indirect direct
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Numerical methods: overview

objective functional +
Lagrange-d'Alembert principle

variation / \ discretization

. ’ discrete objective function
objective functional + ) +

. discrete Lagrange-
Euler-Lagrange equations d'Alembert principle

dualizatior/ \discretization variation

PMP NLP NLP
discretization dualization dualization
discrete —
PMP KKT KKT
indirect direct DMOC
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Numerical methods: overview

objective functional +
Lagrange-d'Alembert principle

variation / \ discretization

. ’ discrete objective function
objective functional + ) +

. discrete Lagrange-
Euler-Lagrange equations d'Alembert principle

dualizatior/ \discretization variation

PMP NLP NLP
discretization dualization dualization
discrete —
PMP KKT KKT
indirect direct DMOC
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Lagrangian dynamics: variational principle

» Lagrangian L: TQ — R

» stationary action
T
56 = 5/ L(q,4)dt =0
0

» Euler-Lagange equations
doL oL

» Lagrangian flow
F/:TQ — TQ
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Lagrangian dynamics: variational principle
discrete Ly : Q@ x @ — R

v
v

Lagrangian L: TQ — R

» stationary action » stationary ﬂlisclzrete action
T _
66 :6/ L(q,g)dt =0 064 =06 La(qu, Gus1) =0
0 k=0
» Euler-Lagange equations  » discrete Euler-Lagange eq.
doL oL
dtoqg g D1La(qk, Grr1)+DaLa(qu-1,9x) = 0

v

Lagrangian flow discrete Lagrangian flow

v

Sq(t)  varied curve

variational integrator: [MARSDEN, WEST 01]
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Direct approach: DMOC [0 Junae, Manspen 05]

[LEYENDECKER, O., MARSDEN, ORTIZ 08]

Discrete Lagrangian optimal control problem

min  Jg({qx, Uk} hes)

{quuk}f(v:o
subject to the discrete forced Euler-Lagrange equations
DoLa(qr—1, k) + Dila(qr, qis1) + Fof (-1, k) + F7 (ak, qus1) = O
9 =q°, D2L(q°, %) + Dily(qo,q1) + F; = O

6000

energy
s
8
g
3

2000

angular momentum
.

L 2‘5 3 % 4 Sifa Ober-Blobaum p.7



Direct approach: DMOC (0., JuNGE, MaRsDEN 03]

[LEYENDECKER, O., MARSDEN, ORTIZ 08]

Discrete Lagrangian optimal control problem

min  Jg({qx, Uk} hes)

{kauk}f(v:o
subject to the discrete forced Euler-Lagrange equations
DoLa(qk-1, qk) + Dila(q, qr+1) + Ff (Gk—1, k) + F7 (Gk, qk41) = O

90 =q°, D>L(q°,4°) + DiLa(qo,q1) + Fy = O
k=1,... N—1

6000

energy

4000

2000

angular momentum
.
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Galerkin variational integrators — construction

Approximation of action integral

/O L(q(t), 4(t)) dt

1. approximation of the space of trajectories

C([0,h], Q) = {q: [0,h] — Q[ q(0) = qo, q(h) = a1}

2. approximation of the integral of the Lagrangian by
numerical quadrature rules
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Galerkin variational integrators — construction

Approximation of action integral

/O L(q(t), 4(t)) dt

1. approximation of the space of trajectories

C([0,h], Q) = {q: [0,h] — Q[ q(0) = qo, q(h) = a1}

2. approximation of the integral of the Lagrangian by
numerical quadrature rules

Related works:
» Galerkin variational integrators [MARSDEN, WEST (2001)]
» Galerkin and shooting based [LEok, SHINGL (2010)]
» convergence analysis [HALL, LEOK (2013)]
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Galerkin variational integrators — construction
polynomial interpolation
» collocation points 0 < ¢; < ... < ¢ <1

t—c¢;
i#j ¢—c;

» Lagrange polynomials F(t) :=[]
numerical quadrature

» quadrature points and weights (¢;, b;)3_;

» points based on Gauss, Lobatto, Radau, Chebyshev

> weights b; := fol F(t)dt
two variational integrators

» based on different dimensions of approximation space

» symplectic partitioned Runge-Kutta + symplectic Galerkin

[Campos: High order variational integrators: a polynomial approach. In 23rd Congress
on Differential Equations and Applications, Springer Series 2014]

[Campos, O., Trélat: High order variational integrators in the optimal control of
mechanical systems, Preprint 2014]
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Galerkin variational integrators — construction

symplectic partitioned Runge-Kutta | symplectic Galerkin

micro velocities Ql, ey Qs
interpolation polynomial

Qt) = X5, F(t/h)Q,
Q(t)=qo+h¥5, Ml (r)dr Q)
internal stage constraint
Qi=Q(h-¢)=qo+ hzjs-zl a;Q;
with a; == [ F(t)dt

boundary nodes

qo = Q(0)

a1 =Q(h) =q+hY_, bQ
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symplectic partitioned Runge-Kutta

Galerkin variational integrators — construction

symplectic Galerkin

, Qs
interpolation polynomial
Q1) =25 F(t/h)Q
Qt)=dqo+h>5y Jy"
internal stage constraint
Q=Q(h-¢)=qo+ hzjs-zl a;Q;
with a; == [ F(t)dt

micro velocities @1, ...

/j(T)dTQj

boundary nodes
9 = Q(0) .
q = Q(h) =qo + hzjs':l b; Q;
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» Qs

micro nodes Q1 ...

Q(t) =
Q

Zf 1Ij(t/h)QJ
) =32 Pt/ Q

~

Q Q(h c,) h _1 3 Q)

o= Q(0) =271 o/ Q;
a= Q) =Y, F G
with of := F(0), B/ = V(1)

Sina Ober-Blobaum



Galerkin variational integrators — construction

symplectic partitioned Runge-Kutta

symplectic Galerkin

multi-point discrete Lagrangian

La(Q1,. .-, Qs) = hY o, bil(Qi, Q)
two-point discrete Lagrangian
La(qo, q1) =

Ld(Qla" '7QS)

ext
P<([0,h],R",q0,q1)

symplectic partitioned RK scheme
S . S .
q=qo+h> biQ, pr=po+h3 bP;

i=1 i=1
Q=aqo+hY 2;Q, Pr=po+hy 3P,
i=1 j=1
oL . . oL .
Pi=—(Qi,Qi), Pi= —(Qi, Qi
8q(Q Qi) 8q(Q Q)
i=1,...,s

5,‘j = bj — bjaj,-/b,-, b,‘ = B,'

[MARSDEN, WEST 2001]
[HAIRER, WANNER, LUBICH 2000]
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symplectic partitioned Runge-Kutta

Galerkin variational integrators — construction

symplectic Galerkin

multi-point discrete Lagrangian

La(Q1,. .-, Qs) = hY o, bil(Qi, Q)
two-point discrete Lagrangian
La(qo, q1) =

Ly(Qr,...,Qs)

ext
P<([0,h],R",q0,q1)

symplectic partitioned RK scheme

S . S _ .
gr=qo+h> biQi, pr=po+h) bP;
=1 i=1

Q=aqo+hY 2;Q, Pr=po+hy 3P,
j=1 j=1
oL . . oL

p; = %(Qi, Qi), Pi = %(Qi: Q)
i=1,...,s ~
5,‘j = bj — bjaj,-/b,-, b,‘ = b,‘

[MARSDEN, WEST 2001]
[HAIRER, WANNER, LUBICH 2000]
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La(Qu,..., Q) = hY i, bil(Qi, Q)

Ld(q()a ql) =

Ld(le"'7QS)

ext
Ps=1([0,h],R",q0,q1)

symplectic Galerkin scheme

225-71 Oéij7 q1 225'71 ﬁij
.l—hZaUQJvP—ﬁpl apO"‘ Zau
j=1 =]
oL
(Q,,Qi), i=f(Qi,Qi)
9q
/—1

b,-a,-j + Ejéj,‘ =0, b; = B,‘

[Campos 2014]
[Campos, O., TRELAT 2014]
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Equivalence of spRK and sG

» sRK: Q € P°, Qe Pt
»sG:QePsl Qe P2
» s internal stages Q; and Q;

=3l:d#0,> diQ =0
_ i=1
» consider Y ;_; d;Q; = 0 as additional constraint for
extremizing Ly

equwalent to a “spRK” of the form

q = qo+thQ,, pr = po+thP,,
i=1 l
S .
Q = q+h> aQ, P = p0+hzaij j—%A,
= =
oL . . oL )
P = 8*(.7(@/7('?/) P = Fq(QhQi)
0 = Yi,d@
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Relation to Runge-Kutta schemes

Theorem (Equivalence to Runge-Kutta scheme)

For a Lagrangian of the form L = %c'/T/qu — V(q), the sG
variational integrator is equivalent to an s-stage symplectic
partitioned Runge-Kutta scheme if the following conditions on
the coefficients hold

s B . s s d,2
;d,-a,,:o,le,...,s, ;d,-:o, E;Ao

i=1

Remark:
» satisfied for all schemes based on the Lobatto quadrature

[O.: Galerkin variational integrators and modified symplectic Runge-Kutta methods,
Preprint 2014]
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Galerkin variational integrators — order

spRK sG

micro-data Qi Qi
polynomial degree s s—1
Gauss 2s 25 — 2
quadrature Lobatto |25s—2 |25 —2
Radau 2s—1|2s—2
Chebyshev | 2s —2 | 2s — 2

order method

Table: Comparison of s-stage variational integrators.

examples

» spRK with Gauss: Gauss collocation method
» spRK with Lobatto: Lobatto IlIA-IIIB partitioned

Runge-Kutta method

[MARSDEN, WEST 2001], [HAIRER, WANNER, LUBICH 2000]
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Optimal control problem

Lagrangian optimal control problem (LOCP)

min J(q, p, u):/0 C(q(t), p(t), u(t))dt +®(q(T),p(T))

q,p,u

subject to the Euler-Lagrange equations

q(t) = f(q(t). p(t)),  q(0)=¢°
p(t) = g(q(t), p

-1
with Legendre transform p = %(q, g) and g = (%) (g, p).
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Discretized optimal control problem

Discrete optimal control problem: the spRK case

min  Ja(qa, pa, {QF, PE UFHED MY

.....

subject to

Qi1 = qk+hzbf Qf5 Pf), Pri1 —Pk+hzbjg(Qf’Pk Uf)

J=1 =1
s 5

Qf = aquthY_af(QF,Pf). Pf=pithYy 2;8(Qf Pf, Uf)
j=1 i=t

k=0,...,.N—1,i=1,...,s, with b;é,-j—i—l_)jaj;:b,-l_)j and b;Zl_),',

(90, p0) = (qo’po)'
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Discretized optimal control problem

Discrete optimal control problem: the sG case
min  Ja(qg pa {QF, PF USHETMT)

subject to

= DO qn =) PO
j=1

j*l

=@
F(QK, P¥) = ZaUij’ g(QF, Pk, UK = M Zaqu

k=0,...,N—=1,i=1,...,s, with b;a,-j—l—l_)jéj,-:Oand b;j = b;,

(q0,p0) = (¢%p°%).
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Commutation property: discretization — variation

objective functional +
Lagrange-d'Alembert principle

variation / \ discretization

. ’ discrete objective function
objective functional + ) +

. discrete Lagrange-
Euler-Lagrange equations d'Alembert principle

dualizatior/ \discretization variation

spRK, sG
PMP NLP < NP

discretization dualization dualization
discrete —
PMP KKT KKT
indirect direct DMOC
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Commutation property: discretization — dualization

objective functional +
Lagrange-d'Alembert principle

variation /

objective functional +
Euler-Lagrange equations

dualizatior/ \discretization

PMP NLP

discretization duali
?

discrete :
screte | s | KT

indirect direct
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\ discretization

discrete objective function +
discrete Lagrange-
d'Alembert principle

zation

variation

dualization

DMOC
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Commutation property: discretization — dualization
some known results
» RK methods:
- no commutation: different state and adjoint schemes
= order loss possible
- order conditions on Runge-Kutta coefficients to ensure
order preservation [HAGER 2000], [BONNANS AT AL. 2006]

» pseudospectral methods:
- commutation if extra closure conditions are satisfied
- order-preserving map between adjoint variables
(covector mapping principle)
[Gong, Ross, Kana, FAHROO 2008], [Ross, FAHROO 2003]
» symplectic partitioned Runge-Kutta methods:
- commutation due to symplecticity
- adjoint scheme is also symplectic
[O. 2008], [SANZ-SERNA, PREPRINT 2014]
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Commutation property: the sG case

> adjoint vectors )\0, R )\N, Moy« oy MUN=1, wo,
N—-1 N-1
NN WO N =1 s
» discrete optimal control Lagrangian

Lqg = ®(an,pn) — A (90 — ¢°) — g (po — P°)

N—-1 s s
+>° [u[ (CIk -3 oszf) — M1 (qk+1 - Z@Qf‘)
k=0 j=1 i—1
: K\ 7T RS K N\ T « B Pk+l —alpy
+Z(A,-) (hf; —Za,—,—Qj>+<\U,> <hgi B — Zau )}
i=1 Jj=1

with £ = £(QF, P) and gk = g(QF, PK, UF).
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Commutation property: the sG case
» new adjoint variables
rk ::“_iandx,k =Y k=0.. N-1i=1..5s
> = le 1X/ o, ¢k+ =2 Xﬁ(_lﬂi
» KKT equation
Y = ZO/XJ,

¢k+1 - Z@XJa
T/ Ak pkyrk Tkkkkiﬂ)\kﬁ—l*a)\kl
fq(inPi)ri*gq(QiaP;an)Xi = h—b, E;au
£7(QF P)TE — 8] (QF, PFUP)XF = Zaux,,

guT(Qik’ Pik’ U/k) \U:I'( = 0’
for k=0,....,.N—-1,i=1,...,5, b,-a,-j+l_)j§j,-:0 and b,':l_),'
Av=®](qn.pn) and Py =] (qn, pn),

A‘ UNIVERSITAT PADERBORN Sina Ober-Blobaum p.21



Commutation property: the sG case

» assumption: unique control
V(q7pa)‘7w) = (7qu(q7p)>\ 7gz;r(q7pa U) 1/)) |u:u(q,p,A,d))
77(‘% P, )‘7 1/’) = (7f;JT(qa P) A— g,;r(qa P, U) w) |u=u(q,p,)\,w)~

» necessary optimality conditions

state system

adjoint system
X_(t) = w(q(t), p(t), A1), (1)), A(T) = ®q(q(T), p(T))
e(t) = n(q(t), p(t), A1), (1)), o (T) = Pq(q(T), p(T))
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Commutation property: the sG case
» assumption: unique control

V(q7pa)‘7w) = (7qu(q7p)>\ 7gz;r(q7pa U) 1/)) |u:u(q,p,A,d))
77(‘% P, )‘7 1/’) = (7f;JT(qa P) A— g,;r(qa P, U) w) |u=u(q,p,)\,w)~

» discrete necessary optimality conditions

Go= S 0IQ, aer=3 00k, =Y ol =3 FxE
j=1

Jj=1 j=1 j=1
1 13
K k K k
f; = ; E aiij i = h § i X
ﬂ’Pk 1—alpy B A1 — o Ag
gl.k = +hb + E BUPk l/;< +hb + — E aU j )

k=0,....N—1,i=1,...,s, b,-a,-j—i-l_njéj,-:Oandb,-:l_),-

G =9, po=p" Iv=(an.pPn), v = Pp(gn, pi)

Sina Ober-Blébaum p.23
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Commutation property: discretization — dualization
Theorem (Commutation property)

Let a Lagrangian optimal control problem be given. If a
symplectic Galerkin method with b; >0, i =1,...,s, is used
for the discretization of the state system, dualization and
discretization commute.

» order preservation

» scheme preservation (symplectic state and adjoint
scheme)

= convergence of state and adjoint variables under
appropriate assumptions

[Campos, O., Trélat: High order variational integrators in the optimal control of
mechanical systems, Preprint 2014]
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Convergence rates: states

state error

10"
10"
107
£ 10°
w0 order 6
10°L - 2
control error
10'
—
]
==
10"
5 10°
107
10"
10°
10° 10°
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10"
number of macronodes

and adjoints

adjoint error

1

errorin2,

order 8

order 4

order 6

10"
number of macronodes

» orbital transfer with
minimal control effort

> same convergence
rates for configuration,
control and adjoint
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Convergence rates: states and adjoints

state error

p———

——

order 4

order 6
order8

10'
number of macronodes

control error

ermorinu

order 4
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10"
number of macronodes

1

errorin2,

error in objective function

adjoint error

order 6

order 8

order 4

10'
number of macronodes

error vs. cpu

ipopt

cputime

10° 10*
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Conclusion and future directions

Galerkin variational integrators
» symplectic-momentum preserving discretization
» based on polynomial interpolation and quadrature rules
» commutation of discretization and variation: spRK and sG
>

equivalence of spRK and sG for Lobatto quadrature and
separable L

Numerical optimal control

» commutation of discretization and dualization for spRK
and sG
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Conclusion and future directions

Galerkin variational integrators
» symplectic-momentum preserving discretization
» based on polynomial interpolation and quadrature rules
» commutation of discretization and variation: spRK and sG
>

equivalence of spRK and sG for Lobatto quadrature and
separable L

Numerical optimal control

» commutation of discretization and dualization for spRK
and sG

Ongoing and future work
» commutation property for general symplectic integrators
» extension to (non-)holonomic systems

» adaptive variational integrator based on varying order
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