
Numerical algorithms for nonlinear

optimization problems

Sonja Rau²ki

22. Januar 2013



Zentrum für
Technomathematik

Outline

Nonlinear optimization

Numerical methods for nonlinear optimization

Newton-type optimization

Active set method

Sequential Quadratic Programming

Primal-dual interior point method

Examples

2 / 23

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Zentrum für
Technomathematik

Nonlinear optimization

min
x

f (x)

s.t. g(x) = 0,
h(x) ≤ 0.

where: x ∈ Rn, f ∈ R, g ∈ Rme , h ∈ Rmi

Function f is the cost/ objective function

Functions g and h equality and inequality constraints, resp.

The set of indices i for which hi (x) = 0 is named the active set

f , g , h may be nonlinear

Nonlinear optimization ⇔ Nonlinear programming (NLP)
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KKT conditions

A most of solvers try to �nd an approximate KKT point.

Find the �primal-dual� variables x∗, ν∗, λ∗ such that:

g(x∗) = 0, h(x∗) ≤ 0 Primal feasibility

ν∗ ≥ 0 Dual feasibility

ν∗i hi (x
∗) = 0, i = 1, ...,mi Complementary slackness

∇L(x∗, ν∗, λ∗) = 0 Stationarity

where:
Lagrangian function:
L(x , ν, λ) = f (x) +

∑me

i=1
λigi (x) +

∑mi

i=1
νihi (x)

Lagrangian multipliers: λi , νi
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Numerical methods for nonlinear optimization

Unconstrained optimization
min
x

f (x)

Equality constrained optimization

min
x

f (x)

s.t. g(x) = 0,

Equality and inequality constrained optimization

min
x

f (x)

s.t. g(x) = 0,
h(x) ≤ 0.
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Newton-type optimization

Find x∗ such that ∇f (x∗) = 0
xk+1 = xk + dk
Linearizing the non-linear equations at xk
∇f (xk) +∇2f (xk)dk = 0
Newton step: dk = −∇2f (xk)

−1∇f (xk)

Hessian matrix ∇2f (xk) expensive → Bk ≈ ∇2f (xk)

6 / 23

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Zentrum für
Technomathematik

Newton-type optimization

Find x∗ such that ∇f (x∗) = 0
xk+1 = xk + dk
Linearizing the non-linear equations at xk
∇f (xk) +∇2f (xk)dk = 0
Newton step: dk = −∇2f (xk)

−1∇f (xk)

Hessian matrix ∇2f (xk) expensive → Bk ≈ ∇2f (xk)

6 / 23

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Zentrum für
Technomathematik

Newton-type optimization

Find x∗ such that ∇f (x∗) = 0
xk+1 = xk + dk
Linearizing the non-linear equations at xk
∇f (xk) +∇2f (xk)dk = 0
Newton step: dk = −∇2f (xk)

−1∇f (xk)

Hessian matrix ∇2f (xk) expensive → Bk ≈ ∇2f (xk)

6 / 23

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Zentrum für
Technomathematik

Newton-type optimization

Find x∗ such that ∇f (x∗) = 0
xk+1 = xk + dk
Linearizing the non-linear equations at xk
∇f (xk) +∇2f (xk)dk = 0
Newton step: dk = −∇2f (xk)

−1∇f (xk)

Hessian matrix ∇2f (xk) expensive → Bk ≈ ∇2f (xk)

6 / 23

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Zentrum für
Technomathematik

Newton-type optimization

Find x∗ such that ∇f (x∗) = 0
xk+1 = xk + dk
Linearizing the non-linear equations at xk
∇f (xk) +∇2f (xk)dk = 0
Newton step: dk = −∇2f (xk)

−1∇f (xk)

Hessian matrix ∇2f (xk) expensive → Bk ≈ ∇2f (xk)

6 / 23

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Zentrum für
Technomathematik

Steepest descent

Bk = α−1k I

dk = −B−1k ∇f (xk) = −αk∇f (xk)
How to choose αk? → Line search

Linear convergence when xk is close to x∗
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Quasi-Newton methods

Computing ∇2f (x) numerically

BFGS

sk = xk+1 − xk , yk = ∇f (xk+1)−∇f (xk)

Secant condition: Find Bk+1 such that Bk+1sk = yk

BFGS formula: Bk+1 = Bk −
Bksks

T
k Bk

sTk Bksk
+

yky
T
k

sTk yk
, B0 = I

Quadratic convergence when xk is close to x∗
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Line search strategy

Problem: situation f (xk + dk) > f (xk) can occur
Idea: making the steps in the iteration shorter to ensure descent

f (xk + dk) < f (xk)
Find the step size such that: t = arg min

s∈(0,1]
f (xk + sdk)

But, steps shouldn't get too short either!
Armijo's backtracking line search:

Given dk , 0 < α ≤ 1

2
and 0 < β ≤ 1

t = 1
while f (xk + tdk) ≥ f (xk) + αt∇f (xk)Tdk do

t = βt
end while

9 / 23
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Line search strategy

f (xk ) + αt∇f Tdk
f (xk ) + t∇f Tdk

t = 0 t = 1

t

f (xk + t∇f Tdk)
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Newton method for equality constrained problems

Find the �primal-dual� variables x∗, λ∗ such that:

∇L(x∗, λ∗) = 0
g(x∗) = 0

Applying a Newton search, we get Newton recursion for solving the
KKT conditions:

(
∇2L(xk , λk) ∇g(xk)
∇g(xk)T 0

)(
xk+1 − xk
−(λk+1 − λk)

)
+

(
∇L(xk , λk)

g(xk)

)
= 0

replacing xk+1 = xk + dk and ∇L(xk , λk) = ∇f (xk) +∇g(xk)λk
11 / 23

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Zentrum für
Technomathematik

Newton method for equality constrained problems

Find the �primal-dual� variables x∗, λ∗ such that:

∇L(x∗, λ∗) = 0
g(x∗) = 0

Applying a Newton search, we get Newton recursion for solving the
KKT conditions:

(
∇2L(xk , λk) ∇g(xk)
∇g(xk)T 0

)(
xk+1 − xk
−(λk+1 − λk)

)
+

(
∇L(xk , λk)

g(xk)

)
= 0

replacing xk+1 = xk + dk and ∇L(xk , λk) = ∇f (xk) +∇g(xk)λk
11 / 23

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Zentrum für
Technomathematik

Newton method for equality constrained problems

Find the �primal-dual� variables x∗, λ∗ such that:

∇L(x∗, λ∗) = 0
g(x∗) = 0

Applying a Newton search, we get Newton recursion for solving the
KKT conditions:

(
∇2L(xk , λk) ∇g(xk)
∇g(xk)T 0

)(
xk+1 − xk
−(λk+1 − λk)

)
+

(
∇L(xk , λk)

g(xk)

)
= 0

replacing xk+1 = xk + dk and ∇L(xk , λk) = ∇f (xk) +∇g(xk)λk
11 / 23

http://www.math.uni-bremen.de/zetem
http://www.uni-bremen.de


Zentrum für
Technomathematik

Newton method for equality constrained problems

(
∇2L(xk , λk) ∇g(xk)
∇g(xk)T 0

)(
dk
−λk+1

)
+

(
∇f (xk)
g(xk)

)
= 0

KKT system is equivalent to the KKT of Qudratic Program (QP)

min
dk

1

2
dTk ∇2L(xk , λk)dk +∇f (xk)Tdk

s.t. g(xk) +∇g(xk)Tdk = 0
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Equality and inequality constrained problems

Find the �primal-dual� variables x∗, ν∗, λ∗ such that:

g(x∗) = 0, h(x∗) ≤ 0
ν∗ ≥ 0
ν∗i hi (x

∗) = 0, i = 1, ...,mi

∇L(x∗, ν∗, λ∗) = 0

Active set method

Sequential Quadratic Programming

Primal-dual interior point method
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Active set method

Guess the active set A
Solve:

hi (x
∗) = 0, i ∈ A

gi (x
∗) = 0, ∇L(x∗, ν∗, λ∗) = 0

If ν∗ ≥ 0 and hi (x
∗) ≤ 0, i ∈ AC then

Solution found
else

Add or remove constraints indices of A
end if

E�cent only for Quadratic programs!

14 / 23
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Sequential Quadratic Programming

NLP

min
x

f (x)

s.t. g(x) = 0,
h(x) ≤ 0.

QP

min
dk

1

2
dTk Bkdk +∇f (xk)Tdk

s.t. g(xk) +∇g(xk)Tdk = 0
h(xk) +∇h(xk)Tdk ≤ 0
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Sequential Quadratic Programming

L1 merit function:
T1(xk) = f (xk) + µ‖g(xk)‖1+µ

∑mi

i=1
|min(0, h(xk))|

Line-search SQP algorithm:

while T1(xk) > TOL do

get ∇f (xk),∇g(xk),∇h(xk),Bk ≈ ∇2L(xk , νk , λk)
solve the QP, get dk , λQP , νQP
perform line search on T1(xk + dk), get step lenght tk
update: xk+1 = xk + tkdk
update: λk+1 = λk + tkλQP , νk+1 = νk + tkνQP
end while

16 / 23
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Primal-dual interior point method

min
x

,s

f (x)

− τ
∑mi

i=1
log si

s.t. g(x) = 0,
h(x) ≤ 0

Barrier function f (x)− τ
∑mi

i=1
log si prevents the iterates from

leaving the feasible region de�ned by the inequalities.
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Primal-dual interior point method

min
x

,s

f (x)

− τ
∑mi

i=1
log si

s.t. g(x) = 0,
h(x) + s = 0
s ≥ 0

Barrier function f (x)− τ
∑mi

i=1
log si prevents the iterates from

leaving the feasible region de�ned by the inequalities.
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Primal-dual interior point method

min
x ,s

f (x)− τ
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i=1
log si
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Hanging Chain

mass points
(xi , yi ), i = 1, ...,Np

potential energy of each spring
V i
el =

1

2
Di ((xi − xi+1)

2 + (yi − yi+1)
2)

gravitational potential energy of each mass
V i
g = migyi

total potential energy
Vchain(x , y) =
1

2

∑Np−1
i=1

Di ((xi − xi+1)
2 + (yi − yi+1)

2)+g
∑Np

i=1
miyi

Equilibrium point? → min
x ,y

Vchain(x , y)

18 / 23
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Vchain(x , y) =∑Np−1
i=1

Di (
√
((xi − xi+1)2 + (yi − yi+1)2 − L

Np
)2 + g

∑Np

i=1
miyi

Np = 20,mi = 20/Npkg ,Di = 75NpN/m, g = 9.81m/s2

q = (x , y)

min
q

∑Np−1
i=1

Di (‖qi+1 − qi‖− L
Np

)2 +mg
∑Np

i=1

(
0
1

)T

qi

Unconstrained case
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Unconstrained case

qk+1 = qk − tkBk
−1∇f (qk)

tk → backtracking line search using the Armijo condition
∇f (qk) → �nite di�erences

Steepest descent method
◦
Bk → indentity matrix

◦ 1323 iterations

Quasi-Newton method
◦
Bk → BFGS formula

◦ 42 iterations
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Constrained Optimization

min
q

Np−1∑
i=1

Di (‖qi+1 − qi‖−
L

Np
)2 +mg

Np∑
i=1

(
0
1

)T

qi

s.t. ‖q(Np+1)/2 − (0, 1.3)T‖2 − 0.352 = 0,

0.95−
(
0
1

)T

qi − (

(
1
0

)T

qi + 0.2)2 ≤ 0, i = 1, ...,Np.
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Constrained Optimization

SQP method

◦ qk+1 = qk − tkdk
◦ tk → line search with Armijo's condition
using L1 merit function

◦ dk → solution of QP problem
◦ Bk → BFGS formula
◦ 54 iterations
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Summary

Sequential Quadratic
Programming(SQP):
very powerful for parametric
optimization problems, warm start,
optimal control

Interior Point methods(IP):
broadly used for convex and
non-convex problems, well suited for
large-scale problems
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Thank you for your attention!
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